The problem of model identification for linear systems is considered, using a finite set of sampled data affected by a bounded measurement noise, with unknown bound. The objective is to identify one-step-ahead models and their accuracy in terms of worst-case simulation error bounds. To do so, the Set Membership identification framework is exploited. Theoretical results are derived, allowing one to estimate the noise bound and system decay rate. Then, these quantities and the data are employed to define the Feasible Parameter Set (FPS), which contains all possible models compatible with the available information.
I. INTRODUCTION
The identification of models with guaranteed simulation accuracy is of great importance in all applications where long range predictions and the related error bounds are used for a robust decision-making task. Examples include resource planning, operations scheduling, and predictive control. In this paper, we address this problem for the case of discrete-time, linear time-invariant systems. Our aim is to obtain, from a finite data set, a one-step-ahead model of the system and a measure of its accuracy, in terms of bounds on the simulation error. We want to derive such bounds point-wise in time, for a long, possibly infinite, future simulation horizon, under the action of known future input signals.
The most popular identification procedures are studied in a stochastic framework, see e.g. [17] , where theoretical guarantees have been derived assuming that the noise signals are ruled by a probability distribution function. However, many applications feature unknown stochastic properties of the noise, or no sensible statistical hypotheses can be made at all [13] . Motivated by these difficulties, Set Membership identification approaches have been developed under different hypotheses, such as bounded noise and uncertainties, pioneered by [24] and The authors are with the Dipartimento di Elettronica, Informazione e Bioingegneria, Politecnico di Milano, Piazza Leonardo da Vinci 32, 20133 Milano, Italy. E-mail addresses: {marco.lauricella | lorenzo.fagiano }@polimi.it. This is a preprint of a conditionally accepted paper submitted to IEEE Transactions on Automatic Control. [36] . The Set Membership approach provides a way to identify models of systems and to measure their quality without any probabilistic assumptions, referring only to the given data set and noise bounds [14] , [18] , [19] , [20] , [34] . In most of the existing works, the noise bound is assumed to be known a priori, which can be a limiting assumption as well. One of the few exceptions is [2] , where the authors propose a way to estimate the noise bound using a probabilistic reasoning. Another relevant aspect is the purpose of the identification process. Models tuned for multi-step prediction give better performance when used for simulation, e.g. in Model Predictive Control (MPC) schemes, see [11] , [15] . Several approaches address the multi-step-ahead identification problem, see e.g. [15] , [23] , [26] , [27] , mainly in a stochastic framework. These approaches do not provide a way to quantify the model quality in terms of bounds on the simulation error, which could be directly exploited in robust decision making.
In this paper, we resort to the Set Membership framework and consider linear systems with bounded noise where, contrary to most existing works, the bound is a-priori unknown. These settings are valid in most real-world applications, where only a rough idea of the noise intensity might be available. We present new theoretical results that allow one to estimate the noise bound from data. A preliminary version of these results has been published in [16] . Here, we extend the findings to the multiple-input, multiple-output case, and to the case of a predictor structure derived from a state-space representation. Moreover, we introduce a new result to estimate the worstcase simulation error bounds for any simulation horizon, up to infinity. We derive a clear link between the obtained infinite-horizon bound and the estimated noise bounds, model order, system decay rate, and horizon used in the model identification routine. The identification procedure stemming from such theoretical results is composed of four steps: 1) estimation of the noise bound; 2) estimation of the system order; 3) estimation of the impulse responses' decay rates; 4) identification of the model parameters. In this process, the concept of Feasible Parameter Set (FPS) is exploited to define the guaranteed simulation error bounds for a given model, and to constrain the parameters to be identified. We finally prove that the models derived with our procedure are guaranteed to be asymptotically stable, a property that is non-trivial to enforce during the identification phase, see [6] . The estimation of the noise bound, of the model order and decay rate, and the analysis of the properties of the finitehorizon and infinite-horizon error bounds, together with the results on the asymptotic stability of the identified models, are the main novelties of our work with respect to the Set arXiv:2001.07628v1 [math.OC] 21 Jan 2020
Membership literature. We test the proposed procedure both in a numerical example, where the true quantities are known and the method can be evaluated in full, and in a real-world experimental application, pertaining to the roll rate dynamics of an autonomous glider.
The paper is organized as follows. Section II contains assumptions and problem formulation. In Section III the new theoretical results are presented. Section IV deals with the identification of the predictor parameters. Section V extends the obtained results to the state-space model structure with measured state. Section VI presents the numerical and experimental results, and Section VII concludes the paper.
II. WORKING ASSUMPTIONS AND PROBLEM FORMULATION
A. Assumptions on the system, model structure and order
We consider a discrete time, linear time invariant (LTI) system in the form:
with state x(k) ∈ R n , input u(k) ∈ R m and output z(k) ∈ R q .
Here k ∈ Z denotes the discrete time variable. The output measurement y(k) ∈ R q is affected by an additive noise d(k) ∈ R q , leading to:
We denote with z i (k), y i (k), d i (k), the i-th component of vectors z(k), y(k), d(k), respectively, where i = 1, . . . , q.
Remark 1. All of the theoretical developments and practical algorithms have to be applied to each output component individually. Therefore, for the sake of notational simplicity, the notation i = 1, . . . , q will be omitted.
Assumption 1. The system (1) is asymptotically stable.
Assumption 2. The measurement noise and the system input are bounded. In particular:
Assumption 3. The system (1) is fully observable and reachable.
Assumptions 1 and 2 are common in system identification problems in real-world applications. Assumption 3 is made for simplicity, as it can be relaxed by considering only the observable and controllable sub-space of the system state. Under Assumption 3, for any given p ∈ N, the output equations can be written in auto-regressive form with exogenous input (ARX):
where T denotes the matrix transpose operation, and the regressor ψ ip (k) is given by:
is the vector of the true system parameters, which is given by
ip,z consists of the parameters related to past values of the output z i , and the entries of θ 0 ip,u are the parameters related to past and future input values. For a discrete time LTI system of the form (1), if all the eigenvalues of A have magnitude strictly smaller than 1 (Assumption 1), then, for any initial condition x 0 and for any bounded input u such that u i (k) < M, ∀k, i = 1, . . . , m, the system outputs are bounded by
with i = 1, . . . , q, k > 0, and A k < Lρ k , where 0 < ρ < 1, L > 0, see e.g. [37] . Thus, under Assumption 1, the system parameters are bounded by exponentially decaying trends:
where (l) denotes the l-th entry of a vector, denotes the ceiling function, and L i , ρ i are scalars that depend on the system matrices in (1) . The one-step-ahead dynamics of the system output are then given by (3) with p = 1. For any p > 1, the elements of the parameter vector θ 0 ip are polynomial functions of the entries of θ 0 i1 , i.e.:
The explicit expressions of the polynomial functions h p,n : R n(m+1) → R n+m(n+p−1) can be readily obtained by recursion of (3) with p = 1 and are omitted here for simplicity.
We consider a model structure given by q one-step-ahead predictors, one for each output signal, written in the ARX form as:ẑ
where the regressor ϕ ip (k) is given by:
In practice, ϕ i1 (k) is the counterpart of ψ i1 (k) with order o (model order) instead of n (system order), and corrupted by noise (compare (4) and (8)), while θ i1 ∈ R o(m+1) denotes the vector of model parameters to be identified from data. This assumption is needed to derive part of our theoretical results. In practice, one can initially choose a very large order to make sure that Assumption 4 is satisfied, and then use our Theorem 1 and the related Procedure 2 (both presented in the next section) to obtain a tighter upper-estimate of n.
B. Multi-step predictors and assumption on data
In our method, we resort to the concept of multi-step predictors. For a LTI system, the multi-step predictor of the i-th system output, pertaining to a given horizon p > 1, has the following general form:
We refer to p equivalently as the prediction horizon or simulation horizon in this paper. If the multi-step predictor is obtained by iteration of the one-step-ahead model (7) , then, similarly to (6) , the elements of the parameter vector θ ip are polynomial functions of the entries of θ i1 , denoted as:
and obtained by recursion of (9) with p = 1.
Let us now denote with ψ ip o (k) the noise-free version of ϕ ip (k) (8), i.e. using variable z i instead of y i . Under Assumptions 1-2, it follows that:
Moreover, also the regressor ϕ ip (k) belongs to a compact set, indicated as Φ ip :
where
Namely, D ip is the set of all possible noise realizations that can affect the system output values in ϕ ip . We assume that a finite number of measured pairs (ỹ(k),ũ(k)) is available for the model identification task, where· is used to denote a sample of a given variable. For each simulation horizon p, these data form the following set of sampled regressors and corresponding output values:
. =ỹ i (k + p). Here, for simplicity and without loss of generality, we consider that the number of sampled regressors N is the same for any considered value of p. The setṼ N ip can be seen as a countable, sampled version of its continuous counterpart, V ip :
the compact set of all the possible output values corresponding to each regressor ϕ ip ∈ Φ ip and to every possible noise realization d i : |d i |≤d 0i . Let us define the distance betweenṼ N ip and V ip as:
We consider the following assumption on the data set:
Assumption 5 pertains to the informative content of the sampled data set. It means that, by adding more points toṼ N ip , the set of all the system trajectories of interest is densely covered. This can be seen as a persistence of excitation condition combined with a bound-exploring property of the noise signal d.
C. Problem formulation
We are now in position to formalize the problem addressed in this paper. 
III. ESTIMATION OF THE NOISE BOUND, MODEL ORDER, DECAY TREND, AND SIMULATION ERROR BOUNDS
The key to address points 1)-4) of Problem 1 is the analysis of the multi-step predictors of the form (9) . At first, we will consider the multi-step predictor for each simulation horizon p as an independent function, neglecting the fact that the true system (3) (and the wanted model (7)) define implicitly multistep predictors, whose parameters are linked by polynomial functions h p,n (·) (6) (and h p,o (·) (10)). We will introduce such links later on, as constraints in the identification procedures of Section IV. The starting base for our new results are the findings described in [30] , briefly recalled next.
A. Preliminary results
Under Assumptions 1-2, the error between the true p-stepsahead system output and its prediction (9) is bounded for any finite p:
whered i ≥ 0 denotes an estimate of the true noise bound d 0i , andε ip (θ ip ) represents the global error bound related to
given multi-step model parameters θ ip , i.e. it holds for all the possible values of ϕ ip in Φ ip . Theoretically, the global error boundε ip (θ ip ) is the solution to the following optimization problem:ε
Moreover, among all possible parameter values, one is interested in those that minimize the corresponding global error bound:ε
where the set Ω p is a compact approximation of R o+m(o+p−1) (e.g. an hypercube defined by θ ip ∞ ≤ 10 100 ) introduced to technically replace inf and sup operators with min and max, respectively. Problems (13)- (14) are intractable. Using the available finite set of data points, one can however compute an estimate λ ip ≈ ε 0 ip solving the following Linear Program (LP):
Under Assumptions 2-5, the following properties hold (see [30] for the derivation):
i.e. the estimated bound λ ip converges toε 0 ip from below.
B. Theoretical properties of the multi-step error bound
In [30] , the results (16) are exploited to build a FPS for any finite value of p and to estimate the worst-case error of a given multi-step predictor, again for a finite simulation horizon. However, no result and/or systematic procedure to fulfill the assumptions on the noise bound (supposed to be known in [30] ) and the model order were provided. These aspects limit the applicability of the approach, since in practice the true values ofd 0i and n are often unknown and one has to resort to heuristics to choosed i and o. We now introduce two new results that solve this issue, allowing one to derive a convergent estimated i ≈d 0i , as well as estimates of the system order and, additionally, of the impulse response decay trend. The main conceptual innovation with respect to the preliminary results of [30] is to analyze not only each value of λ ip separately, but also the course of this quantity as a function of the horizon p. Theorem 1. If Assumptions 2-5 hold, then, for any arbitrarily small η > 0, ∃N < ∞ such that
Proof. See the Appendix. Corollary 1. If Assumptions 2-5 hold, and if the estimated noise bound is correctly chosen asd i =d 0i , then, for any arbitrarily small η > 0, ∃N < ∞ such that
Proof. See the Appendix.
Remark 2. Theorem 1 and Corollary 1 imply three consequences useful to estimate the noise bound and system order: 1) With a large enough data set, the estimated bound λ ip (15) converges, as p increases, to the difference between the true noise bound,d 0i , and the estimated one,d i . We will use this result to estimated 0i ; 2) Whend i =d 0i and o < n (i.e. Assumption 4 is not met), then λ ip converges (besides a quantity η that can be made arbitrarily small with a larger data set) to a non-zero value as p → ∞, due to model order mismatch (see the proof of Theorem 1 for more details). We will exploit this property to estimate the system order; 3) Assuming the noise bound is chosen asd i d 0i , then the estimated bound λ ip converges to zero as p → ∞ with the same decay trend as that of the true system parameters, dictated by the system dominant eigenvalues. We will exploit this property to estimate the system decay rate.
C. Estimation of noise bound, system order and decay trend
We propose three procedures to estimate the noise bound, system order and the decay trend, respectively. This information will be used in Section III-D to define the FPS for any finite p and the guaranteed simulation error bound of any predictor up to a finite p. We start by estimatingd 0i resorting to Theorem 1 (see also point 1) of Remark 2):
Procedure 1 Estimation ofd 0 Choose a large value as initial guess of o. Then, for all i = 1, . . . , q, carry out the following steps: 1) Initialized i with a value small enough to ensured i < d 0i (e.g.d i 0); 2) Compute λ ip (15) for increasing p values, until it converges to a constant quantity e di (d 0i −d i ) as p → ∞; 3) Correct the initial guess ofd i by adding e di ; 4) Verify that λ ip p→∞ −−−→ 0 with the new value ofd i ; Take the resulting vectord = [d 1 , . . . ,d q ] T as estimate of the true one,d 0 .
This addresses point 1) of Problem 1. After completing Procedure 1, we can compute a finite simulation horizon valuē p i such that:
where δ ≈ 0 is a suitable tolerance, e.g. 10 −8 , to account for the asymptotic behavior of λ ip (see Theorem 1). This tolerance can be used to check the convergence of λ ip in step 5 of Procedure 1, i.e. to verify that ∃p : λ ip < δ ∀p >p Exploiting the values ofp i , we can then estimate the system order resorting to the observation of point 2) of Remark 2:
Procedure 2 Estimation of n 1) Setd i to the values resulting from Procedure 1, and computep i as in (18) 2) Compute two scalars, L i ,ρ i as:
, and denotes element-wise inequalities.
3) ComputeL i as (from Corollary 1):
4) SetL i ,ρ i as estimates of L i and ρ i , respectively.
Problem (19) is always feasible, since one can always choose large-enough values of L i to satisfy its constraints. Moreover, the cost function results to be convex inside the feasible set, as it can be shown by computing its curvature and checking that it is positive for feasible (L i ,ρ i ) pairs.
D. Feasible Parameter Sets and finite-horizon simulation error bound
The quantities estimated so far are instrumental to build the Feasible Parameter Set (FPS) for any finite simulation horizon p. Namely, such sets contain all possible multi-step predictor parameters θ ip that are consistent with the available data set, up to the tolerance given by the global error boundε 0 ip and noise boundd 0i , and the other available information on the system at hand. Since the computed bound λ ip is lower than ε 0 ip , due to the use of a finite data set (property (16a)), it is customary to employ a scaling factor α > 1 to estimate the global error bound:ε
We can now define, for the p-steps-ahead predictor of the ith system output, the set Θ ip of parameter values that are consistent with the measured data, and with the estimated noise bound and global error bound. Several works in the Set Membership literature prefer to lower the computational effort resorting to outer approximation of the FPS, e.g. via intervals [29] , ellipsoid [3] , [9] , [12] , parallelotopes [7] , [32] , zonotopes [1] , [4] , [8] , [35] , or constrained zonotopes [25] . [33] proposes a recursive exact polytopic representation, able to cope also with time-varying systems. Here, we decided to adopt an exact description of the FPS by defining it as a polytope using an inequality description (H-representation):
The set Θ ip , if bounded, is a polytope with at most 2N facets. If Θ ip is unbounded, then this indicates that the data collected from the system are not informative enough, and new data should be acquired. In [30] , the set Θ ip was taken as FPS for the predictors pertaining to the horizon p. Here, we provide a further refinement by adding the constraints on the estimated decay trend obtained in Section III-C. Let us define the polytope:
Then, we define the Feasible Parameter Sets as:
Note that this new FPS is always compact, since Γ ip is. The FPS is used to derive the worst-case simulation error bound obtained by a given predictor with parameters θ ip :
Namely, this bound is the worst-case absolute difference between the outputẑ i (k + p) = ϕ T ip (k)θ ip , predicted using the parameters θ ip , and the one predicted by any other parameter vector in the FPS, plus the worst-case prediction errorε ip related to all θ ip ∈ Θ Lρ ip . In a way similar toε 0 ip , it is not possible to exactly compute the bound (23) using a finite data set. Thus, we introduce an estimateτ ip (θ ip ), which, under Assumption 5, converges to τ ip (θ ip ) from below as the number of data points increases, see [30] . Such an estimate is then inflated by a scalar γ > 1 to account for the uncertainty due to the usage of a finite data set:
The estimation of the bound defined by (24), corresponding to point 5) of Problem 1, will then be performed on the models identified using the approaches proposed in Section IV. Note that (24) can be recast as an LP, after the preliminary solution of 2N LPs which can be parallelized. If the estimated error boundsε ip andτ ip (θ ip ) are larger than the corresponding theoretical valuesε 0 ip and τ ip (θ ip ), respectively, and the estimated decay rate parameters are such thatρ ∈ [ρ, 1) and L i ≥ L i , then it is easy to show that the multi-step predictor θ 0 ip , obtained from the true system and possibly appropriately padded with zero entries if o > n, belongs to the FPS Θ Lρ ip . In this case, by construction, the boundτ ip (θ ip ) is such that:
i.e. it is the desired simulation error bound for the considered finite horizon p.
The parameters α in (21) and γ in (24) essentially express how much we are confident in the informative content of the data set. A "large" value of α might produce an overly conservative error boundε ip and, consequently, larger FPSs, while a choice of α close to 1 might produce an error bound that could be invalidated by future data, if the available data set has a poor informative content. Similarly, a "large" γ might give a conservative boundτ ip .
Remark 3. In a real application, one will never know whether the scaling factors α, γ are too conservative. Conversely, it is easy to understand when these factors are too small, by checking whether the FPS is empty for any p. If this happens, for example if one chooses a too small α value, then the prior assumptions and/or estimated bounds are invalidated by data. Thus, verifying that all the FPSs are non-empty (which is an easy task since they are all polytopes) is a way to check the informative content of our data set and the choice of parameter α. This check can be carried out using new data collected in a validation experiment, or in real-time if the FPSs and system model are to be updated on-line. A similar reasoning applies to the boundτ ip (θ ip ) and scalar γ: conservativeness can be evaluated by checking the bound against new measured data and evaluating whether the simulation error magnitude ever violatesτ ip (θ ip ) by more thand i (see (25b)).
E. Infinite-horizon simulation error bound
The error bound (24) requires the computation of the FPSs for each horizon p of interest, potentially up to a very large value. Since each FPS is a polytope whose complexity generally grows with the number of available data, the computation of a large number of boundsτ ip can become impractical. To solve this problem, in this section we present new results that allow one to estimate the simulation error bound for any future horizon, beyond a (sufficiently large) finite valuep. In particular, we propose an iterative expression to compute the simulation error bound for p >p, based on the previous computation of the boundsτ ip for p = 1, . . . ,p. Furthermore, we provide results indicating how the value ofp should be chosen in order to keep the computational effort at a minimum, and obtain a bound which is non-divergent with p and not excessively conservative. Before proceeding further, the following remark is in order.
Remark 4. The results presented in the remainder of this section are derived considering model parameters that satisfy the conditions h p,o (θ i1 ) ∈ Γ ip , ∀p ∈ [2,p] . Later on, in Section IV, we will include explicitly such conditions in the identification procedure, so that the computed models will always enjoy this property. This establishes a connection between the derived theoretical results and the proposed computational methods to identify a model.
Given the multi-step predictors described by (9) , and having computed the error bounds defined by (24) 
, the simulation error at horizon p + j, j > 1, is such that:
, we can derive an over-estimate of the simulation error boundτ ip+j as:
Note that, if j ≥p+1, the termτ ij (θ ij ) is not computed using (24) , but resorting to (27) . For example, when j ∈ (p, 2p], the simulation error boundτ ip+j (θ ip+j ) is bounded as:
where l = j −p. Thus, we can derive the following iterative expression to compute an over-estimate of the simulation error bound, where the considered horizon is denoted by p = p+j, with , j ∈ N and j ∈ [1,p):
In general, the over-estimate (29) may diverge as increases. The next result provides a condition on o,L i ,ρ i , and p i to guarantee convergence:
Then,τ
Remark 5. The convergence condition of Theorem 2 depends on o,L i andρ i , obtained using Procedures 1-3, which in turn depend on the system at hand, on the collected data, and onp, which is chosen by the user during the identification procedure. Therefore, for given values of o,L i ,ρ i , the value ofp should be chosen large enough to satisfy (31) .
Assuming that condition (31) is met, then the quantityτ i∞ (30) is the wanted infinite-horizon simulation error bound. The next results provide further insight on the bound (30) and, in particular, on whether convergence ofτ ip toτ i∞ is from above or below.
If condition (31) holds, we can compute the differencê τ i∞ (θ ip ) −τ i p+j (θ i p+j ) by means of truncated geometric series, leading to:
(32) The terms multiplyingτ ip andd i converge to their limit (see (30) ) from below, while the term τ imax {j, o} χ i,p converges to zero from above as → ∞. Thus, in general it is possible that τ i p+j >τ i∞ for some and j. The next Lemma is concerned with this aspect. Lemma 1. Let τ imax be defined as:
Otherwise, there could exist at least a pair ( , j) such thatτ i p+j (θ i p+j ) >τ i∞ (θ ip ).
Note that the condition (33) of Lemma 1 is in a sense adverse to the convergence condition (31) of Theorem 2. Sincê ρ i < 1 by definition, there exists always a value ofp large enough to satisfy (31) . On the other hand, the right-hand side of (33) decreases asp increases, while τ imax is only weakly dependent onp. Thus, Lemma 1 suggests to pick a "small" value ofp, while Theorem 2 is generally satisfied with "large"p. If one is interested in finding a finite simulation time such that, for any larger horizon, the simulation error bound converges from below to the infinite-horizon value, then the following result can be exploited. Remark 6. Assume condition (33) is not satisfied, and take a small increase on the value of the asymptotic error bound, e.g. given by δ i = 10 −2 ·τ i∞ (θ ip ). Define¯ as:
Then, as a straightforward consequence of Lemma 1, the following result holds:
Finally, we show that Theorem 2 is also instrumental to derive a sufficient condition for the parameter vector θ 1 to yield an asymptotically stable model. Theorem 3. Let Assumptions 2-5 hold, and further assume that the chosen value ofp satisfies (31) . Consider a generic parameter vector θ i1 ∈ R o(m+1) . If
then the corresponding ARX model (7) is asymptotically stable.
Summing up, the findings and procedures described so far address points 1)-3) and 5) of Problem 1. In the next section, we present two approaches to identify the one-step-ahead model (7) exploiting these results, thus dealing also with point 4) of Problem 1.
IV. PREDICTOR IDENTIFICATION

A. Method I
In this first approach, the parameters are estimated as:
is defined as in (24) . Namely, we thus aim to minimize the worst global error bound among all the simulation steps of interest, while ensuring that the resulting multi-step predictors comply with the derived FPSs. Problem (34) is equivalent to:
This can be reformulated into a simpler optimization problem. The first step is to split the absolute value in the cost function of (35) into two terms, by introducing the following quantities:
Then, let us define:
The values of c i kp are computed by solving 2Np linear programs (LPs). Then, (35) can be reformulated as:
(37) is a nonlinear optimization program (NLP) with linear cost (37a), 2Np nonlinear constraints (37b) (that require the preliminary solution of the 2Np LPs (36)), 2N linear constraints (37c), finally 2N (p − 1) nonlinear constraints (37d). All nonlinear constraints are polynomial, thus Jacobian and Hessians can be efficiently computed analytically and exploited in the numerical solver. A possible alternative is to use a quadratic cost in (34), e.g. τ i (θ) T Qτ i (θ) where Q is a symmetric positive definite weighting matrix. This would penalize a weighted average of the simulation error bounds over the considered horizonp, instead of its worst-case as done in (34) . In this case, a similar reformulation can be carried out, resulting in an NLP with quadratic cost and linear and polynomial constraints.
B. Method II
In the second approach, we search the one-step-ahead model that minimizes a standard simulation error criterion, while enforcing membership to the FPS Θ Lρ i1 and the exponentially decaying behavior of the iterated predictors parameters for p > 1 up top. The corresponding NLP is:
Problem (38) is a NLP with polynomial cost function, 2N linear constraints and 2(p − 1) polynomial constraints. Also in this method, Jacobian and Hessians can be efficiently computed analytically. 
C. Computational aspects
Computational effort is often the main drawback in Set Membership identification. The optimization problems (37) and (38) are constrained Nonlinear Programs (NLP), thus they are not convex in general. Finding a feasible point for this class of problems can be computationally hard, even when this point is guaranteed to exist like in our case. In our tests in Section VI, the NLPs are solved resorting to Sequential Quadratic Programming (SQP) algorithms (MatLab's fmincon). In the literature (e.g., [21] ) the guaranteed global convergence of SQP to a local minimizer has been proven, under rather mild assumptions. Yet, in applications these assumptions are not easy to verify. What we can however observe are the practical performance obtained with such a well-established numerical approach. Given the non-convex nature of the NLPs, for each problem instance we ran the solver several times, each one with a different initialization value, to evaluate whether it gave consistent results and to choose the best local optimum among the resulting ones. In particular, in all the runs for either NLPs (37) or (38) (around 200 for each problem and for both the numerical example and the real-world application in Section VI), the SQP algorithm was always able to converge to a feasible local minimizer. The complexity of the NLP mainly depends on the FPSs, which are used to define the constraints and to compute the simulation error bounds. The FPSs are polytopes whose number of facets generally grows linearly with the number of data points, and whose dimensionality grows linearly with the horizon p in the multi-step approach adopted here. To reduce complexity, in the literature there are several contributions proposing to outer-approximate the FPSs, see references provided in Section III-D. These approaches present different trade-offs between complexity reduction and conservativeness. An alternative we prefer in our context, where computational time is not critical, since the identification is carried out offline, is to resort to a redundant constraint removal procedure. In Method I and II, the set membership constraints are nonlinear in the optimization variable θ i1 . However, for each p the corresponding FPS features 2N inequalities that are linear in the entries of θ ip . Therefore, we can split
and then carry out a redundant constraint removal routine on each set of linear constraints θ ip ∈ Θ ip for p ∈ [1,p] .
In [22] , a comparative analysis of different redundant constraints identification approaches is presented. We tried in our tests the one described in [5] , which is based on the minimization of each linear constraint function, subject to the remaining constraints. Then, if the obtained optimal value is positive, the constraint is marked as redundant and can be removed from the set. This method requires the solution of as many LPs as the number of original constraints, for each FPS. However, in our tests it consistently reduces the total number of constraints we are dealing with.
V. STATE-SPACE PREDICTOR FORM
When the state is measurable, we can identify a predictor model of the form (1), where C is replaced by the identity matrix. Therefore, the p-steps-ahead i-th output is:
where C i is the i-th row of the identity matrix. We form the regressor ψ p ∈ R n+mp as:
and the parameter vector θ 0 ip ∈ R n+mp is:
Then, (39) can be written as z i (k + p) = ψ p (k) T θ 0 i1 . Note that, differently from the ARX form considered in the previous sections, the regressor is now the same for all the n output equations. The noise-corrupted measure of the system state is y(k) = z(k) + d(k). We define the one-step-ahead model as:ẑ
Then, the multi-step predictors are obtained by iteration of (40), and their parameters are polynomial functions of the parameters of the one-step-ahead predictor, denoted as θ ip = h p,n (θ i1 ) ∈ R n+mp . Under Assumptions 1-2, the regressor ψ p belongs to a compact set Ψ p :
and ϕ p belongs to a compact set Φ p :
The sampled data set is defined as:
. =ỹ i (k + p), and its continuous counterpart is:
where Y ip (ϕ p ) ⊂ R is the compact set of all the possible i-th output values corresponding to each regressor ϕ p ∈ Φ p , and to every possible noise realization d i : |d i |≤d 0i . Assumption 5 and its consequences apply also here, as in Section II-B. Moreover, all the results presented in Section III can be straightforwardly extended to the case of the predictor defined in (40). The main difference is that here the statement of
, and thus (20) 
1 . Furthermore, also the results presented in Section III-E can be extended to the predictor model defined by (40). Here, going through the same reasoning of (26)-(28) leads to:
whereτ j = τ 1j (θ 1j ), . . . ,τ nj (θ nj ) T and χ i,p =L iρp +1 i . Theorem 2 and the related Remarks and Lemmas apply straightforwardly to (40), with minor modifications: the convergence condition of Theorem 2 is here given by |χ i,p | = L iρp +1 i < 1, and (30) becomeŝ
Lemma 1 and Remark 6 still apply, but here τ imax has to be replaced with τ j 1 . Finally,θ i1 is identified resorting to the methods presented in Section IV, and the estimated system matricesÂ ≈ A and B ≈ B are built as:
. . .
denotes the elements of vectorθ i1 from the j-th entry to the l-th entry.
VI. SIMULATION AND EXPERIMENTAL RESULTS
A. Simulation results
We first assess the performance of the proposed identification procedure in a numerical example, and compare the results with those of established identification approaches: the prediction error method (PEM), and the simulation error method (SEM). PEM approach identifies the model parameters by minimizing the squared 2 -norm of the one-step-ahead prediction error. SEM approach is based on the minimization of the squared 2 -norm of the simulation error, where the simulation of the system output is obtained by iteration of the prediction model, and corresponds to the unconstrained version of (38). More details can be found e.g. in [28] or [31] . The numerical example analyzed here also gives insight on the procedures proposed in Section III-C.
We consider the following one input, three outputs underdamped asymptotically stable system in continuous time t:
The system eigenvalues are: s 1 = −10 and s 2,3 = −0.4 ± i3.98, and the output measurements are affected by uniformly distributed random noise, withd 0 = [1 1 0.1] T . The input takes value in the set {−1; 0; 1} randomly every 4 time units. The considered data set is composed of 10000 input and output data points collected with a sampling frequency of 10 samples per time unit. The first half of the data set is used for the identification phase, while the second half is used for validation.
To carry out a complete analysis, we consider both the ARX model formulation and the state-space one. In Procedure 1, we start with a guess of the noise boundd = [0.7 0.7 0.07] T , and compute the corresponding values of λ ip , for p ∈ [1, 150], resorting to (15) . The results are depicted in Fig. 1 for the ARX Then, we carry out Procedure 3 to estimate the parameterŝ L i andρ i of the exponentially decaying trend, see (19) and (20) . For the ARX predictor, the resulting parameters areL = identified using Methods I and II, and the FPS are defined as in (22), whereε ip is obtained from λ ip with α = 1.2, see (21) . As benchmark, we employ predictors identified using the PEM and SEM approaches. We compare the performance of the identified models in terms of guaranteed simulation error boundsτ ip (θ ip ), computed over the identification data set with γ = 1.1, and of worst-case validation error, defined as: and calculated over the validation data set. Fig. 4 depicts the obtained guaranteed error bounds related to the output z 2 for the identified ARX models, while Fig. 5 presents the corresponding observed worst-case validation error. It can be noted that the model identified with Method I achieves (as expected from the employed cost criterion) the smallest worstcase (over p) guaranteed error bound, however at the cost of a higher guaranteed bound for longer horizon, as compared to Method II and SEM. Qualitatively similar outcomes are obtained for the other outputs and for the state-space model structure. More values ofτ ip and e ip are reported in Tables I  and II . These results indicate that the proposed identification Method II has comparable, and often better, performance with respect to the SEM approach, in terms of both error bound and observed validation error, and overall better performance than the other two approaches. In particular, we notice that the predictor identified using Method II has good performance in long-range simulation, as the SEM approach, but also with better performance for short horizon values, outperforming the SEM. In particular, Fig. 5 and Tables I and II show how the predictor identified using Method II is able to provide small one-step-ahead prediction error, as the PEM approach, and small simulation error, as the SEM approach, combining the advantages of the two identification approaches. This is possible thanks to the constraints θ i1 ∈ Θ Lρ i1 in (38), which are able to improve the performance over the SEM approach in terms of one-step-ahead prediction error. The model identified Fig. (a) : one-step prediction of outputẑ 2 with the ARX predictor (p = 1); Fig. (b) : simulated outputẑ 2 with the ARX predictor. Black solid line: measured outputỹ 2 ; red solid line: real system output z 2 ; dashed line: predicted/simulated output with Method II predictor; thin black lines: Method II predictor error bounds.
using Method I, on the other hand, obtains a lower simulation error for short horizon with respect to the other approaches, at the cost of a higher simulation error for longer horizon. This stems from the fact that we are minimizing the worstcase error over the whole horizon. Using a quadratic cost in (35) in order to minimize the average error, as commented in Remark 7, could partly improve this issue.
Besides the worst-case performance, Tables III and V present exemplifying values of the root mean squared error (RMSE) for the predictors obtained using different identification methods, having respectively an ARX and a state-space formulation. The RMSE is calculated over the validation data set as:
i.e. it considers the p-steps-ahead simulation error. The results in the tables confirm the good performance of Method II, since the obtained predictor yields better (for short horizon) or similar RMSE as compared with SEM. The predictor identified with Method I has good performance for short simulation horizons, but its error increases for longer ones. RMSE p = 1 p = 10 p = 20 p = 30 p = 60 sim Fig. 6 presents an example of time-course of the system output z 2 , comparing the real, measured and simulated values. In the detailed view of Fig. 6 (b) it is possible to appreciate how the simulation obtained using Method II predictor overlaps the true system output z 2 . Fig. 7 displays an other example of time-course of the system output, comparing the real and measured values with the one-step-ahead prediction, Fig. 7  (a) , and with the long-range simulation, Fig. 7 (b) , reporting in both cases the corresponding error bounds. From Fig. 7 (b) it is possible to notice that the guaranteed error bound for the long-range simulation case is smaller than the amplitude of the noise d. Thus, the distance ofỹ 2 from z 2 is often greater then the error bound ofẑ 2 . Fig. 8 depicts the comparison between the simulation error boundτ 2p calculated using the definition (24) for p ∈ [1, 120] , the iterative error bound (29) and the infinite-horizon error bound (30) , obtained settingp = 80 and p = 100, for the case of the predictor having an ARX structure, identified using Method II. Here, it is possible to notice that the iterative and the infinite-horizon error bounds become a tighter upper-bound ofτ 2p , obtained from its definition, asp increases. Fig. 9 shows the effects of the choice of α in (21) on the identification performance. Here, different values of α are used, repeating the identification procedure using Method II, and computing the simulation error boundτ 2p for the obtained models. It is possible to see that for α = 1 the obtained FPS is too small, resulting in a validation error e 2p that violates the provided error bound, as motivated by Remark 3. Moreover, we can see that, with a smaller α, the constraint θ i1 ∈ Θ Lρ i1 provides a reduced error for short prediction horizons, at the price of an increase of the error for longer horizons, whereas a bigger value of α obtains the opposite effect. Table IV presents the RMSE obtained by models identified using Method II with different values of α. Here, it is possible to appreciate that a small increase of α reduces the simulation RMSE, but the improvements significantly reduce after a certain value (e.g. α = 1.2 for y 1 and y 3 ), making it useless to choose a greater α, which will only provide an increase in the one-step-ahead error, as shown from Fig. 9 . Finally, Tables VI and VII report a comparison between the RMSE p = 1 p = 10 p = 20 p = 30 p = 60 sim 
B. Experimental case study
Here, we present the results obtained with the proposed identification approach applied to data acquired from realworld test flights of a small-scale prototype of an autonomous tethered aircraft, used for Airborne Wind Energy (AWE) generation, see Fig. 10 and [10] . We focus on the identification of a model of the roll-rate dynamics of the aircraft, resorting to a data set collected during several experiments. The data acquisition begins right after the take-off phase of each test flight, when the aircraft starts performing eight-shaped flight patterns parallel to the ground. The system description, along with more detail about the measurements and data set acquisition, is available in [10] . As a first approximation, the dynamical equation for the roll angle of the aircraft is given by:
where a σ and b σ are parameters to be identified, and u(t) is the control input for the ailerons. Equation (42) is a reasonable linear approximation of the nonlinear turning dynamics when the aircraft flies parallel to the ground, as in the considered experiments. The aircraft is autonomous, i.e. it features a feedback controller that manipulates the aileron, rudder, and front propeller to achieve the desired figure-of-eight patterns, which are typical of AWE applications. The data set includes measures of the roll rate and of the ailerons input signal, acquired with a sampling frequency of 50 Hz, given byỹ(t) = x(t) + d(t), where d(t) is the unknown measurement noise, andũ(t), respectively. The identification data set is composed of 11000 samples of each signal, while the validation data set features 6600 data points.
Since the system state is measurable, we resort to a statespace form predictor of order 1. We apply Procedures 1 and 3, obtainingd = 0.82,L = 1.31,ρ = 0.995 and p = 691. Fig. 11 depicts the behavior of the error bound λ p after the estimation of the disturbance boundd. Then, we resort to Method II to identify the unknown parameters of (42), obtainingâ σ = 0.959 andb σ = 0.120, and we test the predictor performance against PEM and SEM approaches. Figs. 12 and 13 show a performance comparison in terms of guaranteed simulation error boundτ p and validation error e p , while Fig. 14 presents an example of time-course of the roll rate, both measured (validation data) and simulated. Table VIII shows the RMSE for different horizon lengths. These results confirm that the predictor identified with Method II represents a good trade-off between the PEM and the SEM approaches, combining the one-step-ahead accuracy of the first, with the simulation accuracy over longer horizons of the latter. RMSE p = 1 p = 2 p = 10 p = 20 p = 30 p = 60 sim PEM 
VII. CONCLUSIONS
We presented new results pertaining to the identification of linear systems with guaranteed simulation error bounds, resorting to a Set Membership framework. The theoretical findings lead to clear procedures to estimate the noise bound, model order and system decay trend. Moreover, we derived a simulation error bound for an infinite simulation horizon, together with its properties and convergence conditions. This bound allowed us to demonstrate that it is possible to use the decay rate constraints to enforce the asymptotic stability of the identified model. Then, we presented two methods to learn one-step-ahead prediction models exploiting the estimated quantities. Numerical simulations illustrate the validity and the performance of the proposed identification methods, which we compared to standard PEM and SEM identification approaches. Furthermore, an experimental case study illustrates the applicability on real data. Future work will be devoted to the extension of the proposed identification framework to the nonlinear case.
APPENDIX
Proof of Theorem 1
From (2), (3), and (11), it follows that:
where ∆i p ∈ Di p , defined in (12) . Thus, (14) can be written as:
Sincedi is a constant, we have:
Then, by defining Σi p = ϕ T ip (θ 0 ip −θi p )−∆ T ip θ 0 ip +di, we can write:
By definition, the set Vi p always contains at least an occurrence of ϕ ip and y ip such that:
. . ,d0 i , 0, . . . , 0 T . Then, we have that:
Thus, under Assumption 4, the optimal choice of θi p that minimizes the resultingε 0 ip is such that ϕ T ip (θ 0 ip − θi p ) = 0. Thus, given ϕ ip , y ip , ∆ ip , and the corresponding optimal choice of θi p , we have:ε 0 ip = θ 0 ip,z 1d
The term θ 0 ip,z 1d 0 i represents an upper bound of the free response of the system to an initial condition given by ∆ ip . For an asymptotically stable system, θ 0 ip,z 1 goes to zero with a decay rate which is upper bounded by ρi, see (5), leading to:
Thus, from (44) (17) . Note that, whendi =d0 i and o < n, then λ ip converges (besides a quantity η that can be made arbitrarily small with a larger data set) to a non-zero value as p → ∞, due to model order mismatch. The rationale behind this statement is that, if o < n, there is at least a pair (ϕi p , yi p ) ∈ Vi p such that it is not possible to find a θi p that is able to give ϕ T ip θ 0 ip − θi p = 0. This will introduce an additional non-zero term in (44), makingε 0 ip converge to a non-zero value as p → ∞. Derivation of equation (26) Let us denote withẑ(k + j|k) the j-steps ahead prediction of z obtained using the measured output up to time k. Then, it is possible to employ thep-steps ahead predictorẑi(k +p + j|k + j) to obtain the (k +p + j)-steps ahead prediction of the system output, using only data up to time instant k, according tô
Proof of Corollary 1
From (25a) we have that |zi(k +p) −ẑi(k +p|k)| ≤τip (θip ). Since the regressor in (46) features predicted output values in place of the measured ones, we are introducing an additional prediction error, which can be expressed as: (48)
Finally, adding (48) to thep-steps ahead error boundτip (θip ) leads to (26) .
Proof of Theorem 2
Equation (29) 
Proof of Lemma 1
In (32), the terms multiplyingτip anddi are truncated geometric series, so thatτi p+j converges toτi ∞ from below as p + j → ∞. The last term is instead a vanishing element, since χ i,p is, and it converges to zero from above as → ∞. Thus, it is possible that τi p+j >τi ∞ for some and j under which (32) has a negative result. Since τi max {j, o} ≤ τi max , by imposing condition (32) > 0, where τi max {j, o} is replaced by τi max , one finds (33) , which defines the values of τi max guaranteeing thatτi p+j (θi p+j ) ≤τi ∞ (θip ), ∀ , j.
Proof of Theorem 3
Under Assumption 1, system (1) is BIBO stable, meaning that ∃M > 0 : |zi(k)| < M, ∀k ∈ Z,
for any initial conditions and for any bounded input signal. Given an ARX predictor defined by its parameter vector θi 1 , if hp,o(θi 1 ) ∈ Γi p , ∀p ∈ [2,p] and condition (31) holds, then its infinite-horizon simulation error is bounded by a finite quantityτi ∞ . Moreover, if condition (31) holds, it is possible to calculate a bound for the simulation error for any horizon length, resorting to (29) , and said bound is finite. This implies that ∃M > 0 : |zi(k) −ŷi k (k|1, θi 1 )| < M, ∀k ∈ Z.
(50)
